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EFFECT OF STRAY INDUCTANCES ON THE RESONANCE FREQUENCY

The goal of this section is to quantitatively determine the role of stray inductances, on

the resonance frequencies of the three-wave mixer.

Without stray inductance

We can fit the resonance frequency of the signal cavity as a function of the applied flux

using the equations from the letter (See Fig.1).

ωX,Y = ω0
X,Y

π2L
λ/2
X,Y /2

π2L
λ/2
X,Y /2 + LX,Y (ϕext)

(1)

where L
λ/2
X,Y = 2Z0/(πω

0
X,Y ) is the lumped-element equivalent inductance, LX,Y =

ϕ2
0 (EL/2 + EJ cosϕJ)−1 is the ring inductance and Z0 the characteristic impedance of

the bare microstrip resonators. EL is defined as ϕ2
0/L and the Josephson energy as

EJ = ϕ0I0 = ϕ2
0/L

0
J . From the geometry, we establish Z0 = 45 Ω.
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FIG. 1: Dots: Measured resonance frequency ωY of the signal cavity as a function of flux applied

to the ring modulator without pump. Solid orange line: fit of ωY using Eqs. (1) with ω0
Y /2π =

8.66 GHz, L = 18 pH and L0
J = 38 pH corresponding to I0 = 8.6 µA. Vertical gray bars indicate

the predicted boundaries between small and wides arches using these fit parameters. Neglecting

stray inductances, the model does not predict the measured boundaries.

However the actual values of the Josephson and central inductances cannot be deduced

accurately from this fitting procedure due to the effect of the non-negligible inductances in
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series with the junctions. Moreover, without taking into account these stray inductances,

the flux ϕb
ext at the boundary between wide and small arches should be given by

LZ = 0⇔ cosϕb
ext = −EL/4EJ ≈ 0.53.

This value ϕb
ext/2π ≡ ±0.16(mod1) is far from the measured crossover between both arches

in Fig.1. This is a clear indication of the need to take into account stray inductances in the

model.

With stray inductances

These stray inductances correspond to the 40 µm-long straight aluminum strips connect-

ing the junctions to the resonators as shown on Fig.2 given by LS = µ0l ≈ 50 pH.
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FIG. 2: a. Device schematic: four linear inductances L cross-link a ring of four Josephson junctions

in series with stray inductances LS . b. Optical microscope image of the ring modulator.

We will see below how the model can be modified to take into account these stray induc-

tances. The ring inductances as seen from the X and Y modes can be determined from the

electrical circuit.

LX,Y = 2(LJ + LS)//2(LJ + LS)//2L =
1

1

LJ(ϕJ) + LS
+

1

2L
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⇔ LX,Y = ϕ2
0

(
EL
2

+
EJ cosϕJ

1 + EJ

ELS

cosϕJ

)−1
(2)

where ELS
= ϕ2

0/LS is the stray inductance energy and LJ(ϕJ) = ϕ2
0/EJ cosϕJ is the

Jospheson inductances.

Similarly, the ring inductances as seen from the Z mode is given by

LZ = ϕ2
0

(
EL
4

+
EJ cosϕJ

1 + EJ

ELS

cosϕJ

)−1
. (3)

The wide arches of figure 1 correspond to the range of flux for which LZ(ϕext) > 0. In this

case, the current through the central inductances is zero and the external arms are phase

biased to ϕext, by the magnetic flux as shown in Fig.2: ϕext = ϕLS
+ ϕJ . Besides current

conservation along these external arms gives

ELS
ϕLS

= EJ sinϕJ

Consequently, for EJ � ELS
small enough, ϕJ can be expanded as

ϕJ = ϕext − EJ

ELS

sinϕJ

≈ ϕext − EJ

ELS

sinϕext + 1
2
( EJ

ELS

)2 sin 2ϕext

⇔ ϕJ = ϕext − EJ

ELS

sinϕext +O(( EJ

ELS

)2) (4)

We can now use equations (1,2,4) to describe quantitatively the wide arches of Fig.1. The

only fit parameters are the resonance frequency of the bare resonator ω0
Y /2π = 8.82 GHz,

the Josephson critical current I0 = 1.9 µA and the central inductance L = 49 pH. Due to

the mutual coupling of the meander geometry, the central inductances are reduced compared

to a straight geometry. These three fit parameters are consistent with their expected values

from geometrical considerations.

Taking into account stray inductances, the flux ϕb
ext at the boundary between wide and

small arches is predicted to be given by

LZ = 0⇔ cos
(
ϕJ
(
ϕb
ext

))
= − EL/EJ

4 + EL/ELS

= − L0
J

4L+ LS
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FIG. 3: a. Dots: Measured resonance frequency ωY of the signal cavity as a function of flux

applied to the ring modulator without pump. Solid orange line: fit of ωY taking into account

the stray inductances using Eqs. (1), (3) and (5) by fixing LS = 50 pH and Z0 = 45 Ω with

ω0
Y /2π = 8.82 GHz, L = 49 pH and L0

J = 170 pH corresponding to I0 = 1.9 µA . Vertical gray

bars indicate the predicted boundaries between small and wides arches using these fit parameters.

where ϕext = ϕJ +EJ sinϕJ/ELS
. Using the fit parameters above, we get cos

(
ϕJ
(
ϕb
ext

))
=

−0.69 so that ϕb
ext/2π ≡ ±0.41(mod1). This is in quantitative agreement with the measured

boundary of Fig.3.
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